ABSTRACT In this paper, the girth distribution of the Tanner's (3, 17)-regular quasi-cyclic LDPC (QC-LDPC) codes with code length 17p is determined, where p is a prime and p ≡ 1 (mod 51). By analyzing their cycle structure, five equivalent types of cycles with length not more than 10 are obtained. The existence of these five types of cycles is transmitted into polynomial equations in a 51st unit root of the prime field F p . By using the Euclidean division algorithm to check the existence of solutions for such polynomial equations, the girth values of the Tanner's (3, 17)-regular QC-LDPC codes are obtained.
I. INTRODUCTION
It is well-known that girth is an important one of the structural properties to determine the performance of an LDPC code [1] , [2] . Quasi-cyclic (QC) structure [3] can facilitate the hardware implementation of encoding and decoding [4] , and then QC-LDPC codes are widely used in the applications and systems requiring error corrections, such as communication system and storage systems. However, in coding theory, how to construct LDPC codes with large girth is a very challenging problem.
In order to construct QC-LDPC codes with large girth, many construction methods have been proposed [5] - [9] . One of the most famous was proposed by Tanner et al. [10] based on the multiplicative group over the prime fields. For convenience, the resulting codes are called Tanner's QC-LDPC codes. As shown in [3] , the fully-connected QC-LDPC codes have girth at most 12. In other words, the largest girth value of Tanner's QC-LDPC codes is 12. Hence, determining Tanner The associate editor coordinating the review of this manuscript and approving it for publication was Zesong Fei.
p is a prime and p ≡ 1 (mod 15) [11] , and their girth distribution is presented as follows: 1) There are no codes of girths 4 and 6; 2) For p = 31, there exists the unique code of girth 8; 3) For p = 61, 151, there exist two codes of girth 10; 4) For p = 31, 61, 151, the remaining codes are of girth 12. That is, most of Tanner's (3, 5)-regular QC-LDPC codes with length 5p can achieve the largest girth value 12. This work is of great significance to the research on the girth distributions of Tanner's QC-LDPC codes. Later, for p being a prime and p ≡ 1 (mod JL), the girth distributions of the other types of Tanner's (J , L)-regular QC-LDPC codes of code length Lp, e.g., (J , L) = (3, 7) [12] , (3, 11) [13] , (3, 13) [14] , and (5, 7) [15] , were determined. Similar to the conclusion in [11] , the number of Tanner's (J , L)-regular QC-LDPC codes with girth less than 12 is finite, and the remaining codes achieve the largest girth value 12. Results in these works are very encouraging. Based on the computer under the cycle-counting algorithm, the girth distributions of Tanner's (J , L)-regular QC-LDPC codes with finite code lengths were presented in [16] , where J and L are any two positive integers.
In this paper, we study the girth distribution of Tanner's (3, 17)-regular QC-LDPC codes with code length 17p, where p is a prime and p ≡ 1 (mod 51). We first divide their VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ cycles of length less than 12 into five equivalent types, and then obtain the conditions for the existence of each type cycles which are represented by polynomial equations in a 51th unit root of the prime field F p . Furthermore, we check whether these polynomial equations have solutions over F p , and derive the candidate prime values. By summarizing these obtained candidate primes, the girth distribution of Tanner's (3, 17)-regular QC-LDPC codes is determined.
II. CYCLE STRUCTURE OF TANNER'S (3, 17)-REGULAR QC-LDPC CODES
Let p be a prime and F p a prime field. A Tanner's (J , L)-regular QC-LDPC code with length Lp is defined by the null space of the following parity-check matrix
is a p×p circulant permutation matrix (CPM) generated by shifting every row of a p × p identity matrix to the right (or left) (n s m t ) positions. Notice that n and m are nonzero elements of F p with orders J and L, respectively, and (n s m t ) is computed modulo p.
It is clear that there is a primitive (JL)-th unit root in F p , and we here denote it by β. Hence, m and n can be set to β J and β L , respectively. Therefore, the parity-check matrix can be rewritten as follows.
In this study, we focus on Tanner's (3, 17)-regular QC-LDPC codes. That is, J = 3, L = 17, and p ≡ 1 ( mod 51). The primes p can form a set {103, 307, 409, 613, 919, . . .}, denoted by P 51 . Let β be a primitive 51th unit root in F p . Hence, the parity-check matrix H of a Tanner's (3, 17)-regular QC-LDPC code with length 17p is given in the bottom of this page.
As proposed in [3] , a cycle of length 2k, denoted by 2k-cycle, in the Tanner graph of H in (1) ). An improved sufficient and necessary condition for the existence of such a 2k-cycle was proposed in [17] . That is, the girth is denoted by g, and for g ≤ 2k ≤ (2g − 2), the sufficient and necessary condition for the existence of a 2k-cycle formed by (2) is
with for 0
, and s k = s 0 .
Since m = β 3 and n = β 17 , Eq. (3) becomes
To be consistent with the definitions in [11] - [15] , the above equation is also referred to as basic equation. Without loss of generality, assume that t 0 = 0. Based on the type equivalence defined in [11] , we can also divide the cycles of lengths 4, 6, 8, and 10 into the following five equivalent types. 1) Type (0, 1) stands for all cycles of length 4.
2) Type (0, 1, 2) stands for all cycles of length 6.
3) Types (0, 1, 0, 1) and (0, 1, 0, 2) stand for all cycles of length 8. 4) Type (0, 1, 2, 0, 1) stands for all cycles of length 10.
III. GIRTH ANALYSIS OF TANNER'S (3, 17)-REGULAR QC-LDPC CODES
Assume that e = t 1 − t 0 (mod 17), f = t 2 − t 1 (mod 17), g = t 3 − t 2 (mod 17), and h = t 4 − t 3 (mod 17). Since t s = t s+1 for 0 ≤ s ≤ 3, then e, f , g, and h are in {−1, 
Since β is a primitive 51th unit root in the prime field All 6-cycles correspond to the unique type (0, 1, 2), and its ordered pairs in (2) are (0, 0); (1, e); (2, e+f ); where e+f = 0 (mod 17). The basic equation is given as
Since β 17 = 1, the basic equation can be simplified as
Following [11] - [15] , this modified form is referred to as modified basic equation. That is, a 6-cycle exists if and only if Eq. (4) holds for some pairs (e, f ). Hence, we need to study all pairs (e, f ). According to the ordered pairs in (2), we can see that e + f = 0 (mod 17). In this case, there is no 6-cycles. For convenience, we call it invalid case, i.e., the pair (e, f ) with e + f = 0 (mod 17). Let e be a variable, and f is expressed by using e. All pairs (e, f ) are listed in Table 1 . Notice that the pairs which index number has the symbol '' * in the superscript are invalid cases, and the other pairs are valid cases. In the following, we check whether Eq. (4) has solution in F p for each valid case, and find the candidate prime values.
1) PAIR (E , E )
For this pair (e, e), Eq. (4) becomes
.
Since e ∈ {−1, −2, −3, −4, −5, −6, −7, −8, 1, 2, 3, 4, 5, 6, 7, 8} and
Hence,
That is, the modified basic equation has no solution in F p for the pair (e, e).
2) PAIR (e, 2e)
Let a = β 3e+17 , and the values of a i can be expressed as the powers of β for 1 ≤ i ≤ 51, recorded in Table 2 . Based on Tables 1 and 2 , the modified basic equation becomes 
The modified basic equation a 20 + a + 1 can be factorized into Since a 3 = 1 ( mod p), then a 2 +a+1 = 0. Thus, a 20 +a+1 can be simplified as a 18 − a 17
+a+1. We apply the Euclidean division algorithm (EDA) to the reduced form and Eq. (5), and obtain the remainder polynomials as follows. It is easy to see that the remainder 12861/33124 equals zero in F 1429 , but nonzero in F p for p ∈ P 51 \{1429}. The remaining remainders over F p do not equal zero for p ∈ P 1429 . Therefore, the basic equation has no solution in F p apart from p = 1429.
3) PAIR (e, 3e)
Let a = β 3e+17 . Based on Tables 1 and 2 It is easy to see that the remainder 2875075/408321 equals zero in F 2347 , but nonzero in F p for p ∈ P 51 \{2347}. The remaining remainders over F p do not equal zero for p ∈ P 2347 . Hence, the basic equation has no solution in F p apart from p = 2347.
4) PAIR (e, 4e)
Let a = β 3e+17 . Based on Tables 1 and 2 , the modified basic equation becomes a 5 + a + 1 = 0 (mod p), and it can be factorized into
By applying the EDA to the reduced form a 3 − a 2 + 1 and Eq. (5), the remainder polynomials are given as follows. It is easy to see that the remainder 1241563/408321 equals zero in F 2347 , but nonzero in F p for p ∈ P 51 \{2347}. The remaining remainders over F p do not equal zero for p ∈ P 2347 . Hence, the basic equation has no solution in F p apart from p = 2347.
5) PAIR (e, 5e)
Let a = β 3e+17 . Based on Tables 1 and 2 We can see that the remainder 243026716149/7387746304 equals zero in F 1429 , but nonzero in F p for p ∈ P 51 \{1429}. The remaining remainders over F p do not equal zero for p ∈ P 1429 . Hence, the basic equation has no solution in F p apart from p = 1429.
6) PAIR (e, 6e)
Let a = β 3e+17 . Based on Tables 1 and 2 It is easy to see that the remainder −2538515200/720801 equals zero in F 2347 , but nonzero in F p for p ∈ P 51 \{2347}. The remaining remainders over F p do not equal zero for p ∈ P 2347 . Hence, the basic equation has no solution in F p apart from p = 2347.
7) PAIR (e, 7e)
Let a = β 3e+17 . Based on Tables 1 and 2 , the modified basic equation becomes a 8 + a + 1 = 0 (mod p), and it can be factorized into
By applying the EDA to the reduced form a 6 −a 5 +a 3 −a 2 +1 and Eq. (5), the remainder polynomials are given as follows. It is easy to see that the remainder 5853184/9529569 equals zero in F 1429 , but nonzero in F p for p ∈ P 51 \{1429}.
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The remaining remainders over F p do not equal zero for p ∈ P 1429 . Hence, the basic equation has no solution in F p apart from p = 1429.
8) PAIR (e, 8e)
Let a = β 3e+17 . Based on Tables 1 and 2, the modified 
It is easy to see that the above remainder polynomials do not equal zero in F p for p ∈ P 51 . Therefore, the basic equation has no solution in F p .
9) PAIR (e, −2e)
Let a = β 3e+17 . Based on Tables 1 and 2 It is easy to see that the above remainder polynomials do not equal zero in F p for p ∈ P 51 . Therefore, the basic equation has no solution in F p .
10) PAIR (e, −3e)
Let a = β 3e+17 . Based on Tables 1 and 2, the modified It is easy to see that the remainder 23779989/747475600 equals zero in F 1429 , but nonzero in F p for p ∈ P 51 \{1429}. The remaining remainders over F p do not equal zero for p ∈ P 1429 . Hence, the basic equation has no solution in F p apart from p = 1429.
11) PAIR (e, −4e)
Let a = β 3e+17 . Based on Tables 1 and 2 , the modified basic equation becomes a 14 + a + 1 = 0 (mod p), and it can be factorized into
By applying the EDA to the reduced form a 12 −a 11 +a 9 −a 8 + a 6 − a 5 + a 3 − a 2 + 1 and Eq. (5), the remainder polynomials are given as follows. It is easy to see that the remainder 760428/66049 equals zero in F 2347 , but nonzero in F p for p ∈ P 51 \{2347}. The remaining remainders over F p do not equal zero for p ∈ P 2347 . Hence, the basic equation has no solution in F p apart from p = 2347.
Let a = β 3e+17 . Based on Tables 1 and 2, the modified It is easy to see that the remainder −146687500/4489 equals zero in F 2347 , but nonzero in F p for p ∈ P 51 \{2347}. The remaining remainders over F p do not equal zero for p ∈ P 2347 . Hence, the basic equation has no solution in F p apart from p = 2347.
13) PAIR (e, −6e)
Let a = β 3e+17 . Based on Tables 1 and 2, the modified It is easy to see that the remainder −11319109/141943396 equals zero in F 1429 , but nonzero in F p for p ∈ P 51 \{1429}. The remaining remainders over F p do not equal zero for p ∈ P 1429 . Hence, the basic equation has no solution in F p apart from p = 1429.
14) PAIR (e, −7e)
Let a = β 3e+17 . Based on Tables 1 and 2 , the modified basic equation becomes a 11 + a + 1 = 0 (mod p), and it can be factorized into By applying the EDA to the reduced form a 9 − a 8 + a 6 − a 5 + a 3 − a 2 + 1 and Eq. (5), the remainder polynomials are given as follows. It is easy to see that the remainder 396643/29278921 equals zero in F 2347 , but nonzero in F p for p ∈ P 51 \{2347}. The remaining remainders over F p do not equal zero for p ∈ P 2347 . Hence, the basic equation has no solution in F p apart from p = 2347.
15) PAIR (e, −8e)
Let a = β 3e+17 . Based on Tables 1 and 2 It is easy to see that the remainder 218466949/13017664 equals zero in F 1429 , but nonzero in F p for p ∈ P 51 \{1429}. The remaining remainders over F p do not equal zero for p ∈ P 1429 . Hence, the basic equation has no solution in F p apart from p = 1429.
According to the above fifteen pairs (e, f ), we conclude that the girth of Tanner's (3, 17)-regular QC-LDPC code of length 17p is 6 for p = 1429, 2347. In order to facilitate the readers, the modified basic equations, the reduced forms, and the candidate prime values p in type (0, 1, 2) are also recorded in Table 1 .
The type (0, 1, 0, 1) of 8-cycles corresponds to the ordered following pairs in (2): (0, 0); (1, e); (0, e + f ); (1, e + f + g); for e + f + g = 0 (mod 17), and the basic equation is
Since β 17 = 1, the modified basic equation becomes
Set b = β 3e . For 1 ≤ i ≤ 17, b i can be easily derived, and we record them in Table 3 . It is easy to see that b is a primitive 17th unit root in F p for p ∈ P 51 . Since 
Similar to type (0, 1, 2), the invalid cases (e, f , g) with e + f + g = 0 ( mod 17) are defined and recorded in Table 4 , and the other ones are valid, and recorded in Tables 5, 6 , and 7. Tables 5, 6 , and 7.
The other type of 8-cycles is type (0, 1, 0, 2), and its corresponding ordered pairs in (2) are (0, 0); (1, e); (0, e + f ); (2, e + f + g); for e + f + g = 0 (mod 17). The basic equation is
Since β 17 = 1, the modified basic equation becomes Table 2 . Similar to type (0, 1, 0, 1), Table 4 
Similar to the above three types, i.e., (0, 1, 2), (0, 1, 0, 1), and (0, 1, 0, 2), we first find 241 invalid cases (e, f , g, h) with e+f +g+h = 0 ( mod 17), shown in Table 8 , and 3855 valid cases. Second, according to Eq. (9), the modified basic equation and the reduced form for each valid case can be obtained. Third, by applying the Euclidean division algorithm to the reduced form of the modified basic equation and Eq. (5), and then checking whether the resulting remainders equal zero in F p for p ∈ P 51 , the candidate prime values p are derived from within. Finally, by summarizing the obtained candidate prime values p and combining with the conclusions in Subsections III-B and III-D, Tanner's (3, 17)-regular QC-LDPC codes with length 17p and girth 10 are found. In order to save space, we here only provide the results: the girth of Tanner's Based on the conclusions in Subsections III-A, III-B, and III-D, we can see that Tanner's (3, 17)-regular QC-LDPC codes have girth at least 6. More specifically, there are 2 codes of girth 6, 37 codes of girth 8, 446 codes of girth 10, and the remaining codes have girth 12.
IV. CONCLUSION
In this study, we analyzed the cycle structure of Tanner's (3, 17)-regular QC-LDPC codes of length 17p, where p is a prime and p ≡ 1 (mod 51), and divided cycles of lengths 4, 6, 8, and 10 into five equivalent types. By employing the Euclidean division algorithm to check the existence of cycles corresponding to these five equivalent types, we determined the girth distribution of such codes, and concluded that: there are 2 codes of girth 6 for p ∈ {1429, 2347}, 37 codes of girth 8 for p ∈ S 8 (S 8 is given in Subsection III-D), 446 codes of girth 10 for p ∈ S 10 (S 10 is given in Subsection III-E), and the remaining codes have girth 12, such as for p = 11833, 17851, 19483, 19993, 20809 
